Abstract. In this article, we construct new derived autoequivalences of generalised Kummer varieties. Together with Huybrechts-Thomas twists around P n -objects, these are the only known examples of such symmetries.
Introduction
Let D(X) be the bounded derived category of coherent sheaves on a smooth complex projective variety X and Aut(D(X)) be the group of isomorphism classes of exact C-linear autoequivalences of D(X). Then we have a subgroup of standard autoequivalences:
Aut(X) ⋉ (Pic(X) ⊕ Z) ⊂ Aut(D(X)) generated by push forwards along automorphisms of X, twists by line bundles and shifts; the complement of this subgroup should be thought of as hidden symmetries.
In their seminal paper, Bondal and Orlov [BO01, Theorem 3.1] showed that if the canonical bundle ω X (or its inverse) is ample then the standard autoequivalences are everything, i.e. Aut(D(X)) ≃ Aut(X) ⋉ (Pic(X) ⊕ Z). However, finding a complete description of this group when the canonical bundle is not ample is a much more subtle question and one of considerable interest. The case where the canonical bundle is trivial is particularly rich. Thomas [HT06] generalised the notion of spherical objects to that of P n -objects. For example, the structure sheaf of an embedded P n inside a hyperkähler variety of dimension 2n gives rise to an autoequivalence, called the P n -twist. It is expected that there is a strong connection between this twist and doing the Mukai-flop equivalence [Kaw02, Corollary 5 .7] [Nam03, Theorem 4.4] twice. To date, Huybrechts-Thomas twists associated to the structure sheaf of the variety are still the only non-standard autoequivalences which can be associated to an arbitrary hyperkähler. Recently, Addington [Add11] further generalised this concept to P n -functors and constructed derived autoequivalences for Hilbert schemes of points on K3 surfaces which were evidently not equal to any of the known ones.
The aim of this paper is to extend this discovery and show that we also get new derived autoequivalences for generalised Kummer varieties.
Summary of main results. The generalised Kummer variety K n associated to an abelian surface A is, by definition, the fibre of the Albanese map m : A [n+1] → A over zero where A [n+1] is the Hilbert scheme of n + 1 points on A. In particular, the natural family I of ideal sheaves on A × K n gives rise to a Fourier-Mukai functor
. For all n > 1, we show that F K is a P n−1 -functor in the sense of Addington [Add11, Section 3]. That is, if R K denotes the right adjoint to F K then the kernel of the composition R K F K is given by
graded ring H * (P n−1 , C). Addington's P n -functors are a generalisation Huybrechts and Thomas' P n -objects [HT06] and as such, they determine autoequivalences of the codomain category. For instance, when A is an abelian surface and F K is the functor described above, a double cone construction produces a non-trivial element
the induced action on cohomology is trivial. In section 4, we prove our main Theorem (4.1). F K is a P n−1 -functor for all n > 1. In particular, we have a new derived autoequivalence
The key observation in proving this result is the following
denotes the inclusion, j : N ֒→ A n+1 is the locus of points which sum to zero, and D is the union of pairwise diagonals in A × A n+1 , then we obtain the following
which naturally intertwines with Ψ :
That is, we have
In particular, this provides us with the identities
where
As a byproduct of this approach, we provide alternative proofs of [MM11] . The referees have been extremely thorough and their suggestions have improved the paper considerably.
P-functors
Definition 1.1. An exact functor F : A → B between triangulated categories with left and right adjoints L, R : B → A is a P n -functor if the following conditions are satisfied:
(i) There is an autoequivalence H of A such that
If A and B have Serre functors, this condition is equivalent to
If F is a P n -functor then
is an equivalence where f is the composition F HR ֒→ F RF R 
Nested Hilbert Schemes
The key results needed for the calculation of RF in the Hilbert scheme setting come from Ellingsrud and Strømme's work [ES98] on nested Hilbert schemes on smooth projective surfaces. Let us consider the following diagram:
are the natural maps induced by the projections and
maps a pair of subschemes to the point where they differ.
factors naturally over the universal sub-
is the restriction of the projection and ψ : A [n,n+1] → Z n+1 is canonically isomorphic to P(ω Z n+1 ). In particular, ψ is birational and an isomorphism over the set {(x, ξ) ∈ Z n+1 : ξ is a local complete intersection at x}, and g is generically finite of degree n + 1.
(ii) The map q × f :
is canonically isomorphic to the blowup of A × A [n] along Z n . In particular, over Z ′ n , the map q × f is a P 1 -bundle.
For any point (ζ, ξ) ∈ A [n,n+1] we have two natural short exact sequences on A:
Using these, we see that the fibre of (q × g) over a point (x, ξ) ∈ A × A [n+1] is the projective space PHom(O x , O ξ ) * and the fibre of (q×f ) over a point (x, ζ) ∈ A×A [n] is the projective space PHom(I ζ , O x ) * ≃ P(I ζ | x ). In particular, we have
It can also be shown that the exceptional divisor
Hilbert Schemes of Points on an Abelian Surface
The Hilbert scheme A [n+1] of n + 1 points on an abelian surface A can be thought of as a fine moduli space of ideal sheaves on A with trivial determinant. In particular, the structure sequence 0
gives rise to a sequence of Fourier-Mukai functors
whose right adjoints are denoted by R, R ′ , R ′′ respectively. It is the observation that F ′′ ≃ g * q * which brings the nested Hilbert scheme into play. Now, performing a similar calculation to that of [Add11, Sections 2.2 & 2.3] shows that the kernels of the compositions are:
where the penultimate line uses the fact that the triangle
splits because the extension class parametrising such triangles is, by construction, invariant under automorphisms of A. In particular, if ι :
Since ι acts on H 1 (A, O A ) as −id A we see that e must be zero.
After Example 1.3(2), one might have expected
) to also be a P n -functor but our calculation above shows this is not the case. For instance, when n = 1, we have
which is not an autoequivalence of D(A). Therefore, F cannot be a P n -functor because RF has the wrong 'shape'. It is precisely our understanding of this example which allows us to see why restricting to the generalised Kummer makes the construction work. Notice, however, that we cannot work with nested generalised Kummer varieties because the natural incidence variety has the wrong dimension. Thus, we are forced to work with the functors above whilst keeping track of a specific subvariety; namely, Beauville's generalised Kummer variety.
Generalised Kummer varieties
The difference with the generalised Kummer variety K n is that it can be thought of as a fine moduli space of ideal sheaves on A with trivial determinant and trivial determinant of the Fourier-Mukai transform (with respect to the Poincaré bundle) [Yos01, Section 4]; this extra condition has the effect of killing the unwanted factor
) in the following way:
We now explain how the proof of [Add11, Theorem 2] can be adapted to yield
(1) The composition is given by
and so its kernel must be
(2) In order to verify R ′ K F ′′ K , one first needs to make the following observation. Consider the diagram:
where h := Σ • (id A × m) and Σ : A × A → A is the addition map. Then, we have
In other words, π 1 | J : J → A can be identified with −m : A [n] → A and so the
follows from Lemma 5.1 below. Putting this all together, we see that
and the kernel is given by
(3) To get our hands on R ′ K F K , we take cohomology of the natural triangle
which produces the following long exact sequences
and the kernel must be R
) of kernels, whose cohomology is given by
we see that a nonzero map here for i = −2, 0, . . . , 2n − 4 is equivalent to a nonzero map
and check the condition on the fibres of q (which are all smooth); see [Add11, p.21].
That is, for x ∈ A we want to show that g * | Kn :
If σ n+1 and σ n denote the natural symplectic forms on
and A [n] induced by a symplectic form σ on A [Bea83, Proposition 5] then we have
) is an isomorphism and the generator of H 2j (O Kn ) must get mapped to the generator of H 2j (O (q×f ) −1 (x×K n−1 ) ).
by [Huy06, Remark 1.31]
(6) The most technical calculation is that of R ′′ K F ′′ K . First notice that the kernel of the composition [Huy06, Proposition 5.10] is given by
Z n+1 . Now, consider the maps
Then Addington [Add11, p.23] shows that there is an exact triangle
where pr 23 :
is the projection. It is clear from the expression for R ′′ K F ′′ K above that we want to pull this sequence back to A × K n × A and then push it down to A × A.
For the first term of (2), observe that the following diagram commutes:
) and so the first term becomes
For the last term of (2), we use a similar diagram (and temporarily introduce another map q 23 :
As before, we can identify
which must split because it is natural and hence (its defining morphism is) invariant under automorphisms of A; use the same argument as in §3. In other words, the kernel of this composition is given by
(7) For the computation of R K F K , we exploit the following diagram of exact
Taking cohomology of the left column and bottom row yields
Then we can take cohomology of either the top row or right column to get
Thus, R K F K has a filtration whose associated graded object is
are invariant under automorphisms of A×A, the filtration splits; use the same argument as in §3 with ι replaced by ι × ι. (One also needs to check that ι × ι acts on Ext 3 A×A (O ∆ , O ∆ ) as −1 but this follows from Serre duality together with the fact that a volume form on A × A is invariant under (ι × ι) * because we have even dimension.) Therefore, the kernel is
is the hard part of the proof but again, we can appeal to [Add11, Section 2.5]. Indeed, the adjoint pairs g * ⊣ g ! and i * ⊣ i * provide us with a map of monads q * q * → q * g ! i * i * g * q * = R ′′ K F ′′ K . Combining this with our observation that q * g * i * O Kn ≃ π 1 * O J , we can identify the monad structure of R ′′ K F ′′ K with the multiplication in H * (K n−1 , O K n−1 ). Producing a map q * q * → R K F K (where we implicitly understand that q := q| (q×f ) * J ) goes through in exactly the same way as [Add11, p.26-31]. Thus, we can conclude with the following Theorem 4.1. Let K n be the generalised Kummer variety associated to an abelian surface A and consider the natural functor
In particular, we have a non-trivial derived autoequivalence
The Albanese Map
Recall that the Albanese map m : A [n] → A is isotrivial. That is, we have the following cartesian diagram:
In other words, the morphism ν is just the restriction of the translation map on A [n] to K n−1 .
] is a formal object in D(A). has a filtration in cohomology sheaves which must split because Ext
Proof. Semicontinuity implies that
Proof. First, we note that projective surface X yields a derived equivalence Ψ :
between the bounded derived category of coherent sheaves on the Hilbert scheme and the bounded derived category of S n+1 -equivariant sheaves on the product. This equivalence has been used extensively in the study of tautological objects on Hilbert schemes, that is, objects which lie in the image of our Fourier-Mukai functor F ′′ : D(X) → D (X [n+1] ). In particular, we have the following Theorem 6.1. Let X be a smooth projective surface and consider the tautological
F ∈ D(X). Then we have the following natural isomorphisms of graded vector spaces
Proof. 
Thus, we see that Ext F) . Therefore, by Theorem 6.1, we have the following identifications:
As discussed in §3, the natural map 
where D I := i∈I D i is the partial diagonal corresponding to ∅ = I ⊆ {1, . . . , n+1}.
Now, the main point of Theorem 6.1 and its proof [Kru14, Proposition 3.12] is that only the zeroth term of this complex contributes to Hom(Ψ(
More precisely, [Sca09a, Theorem 2.4.5] and [Kru14, Proposition 3.12] provide the following identifications
Replacing O D by K • , we see that our restriction map must factor through O X×X n+1
O D i which is nothing but restriction componentwise. Therefore, the induced map Ψ(F ′ (F)) → Ψ(F ′′ (F)) is realised as the sum of n + 1 evaluation maps
Thus, the induced map Ext
, under the isomorphism of Theorem 6.1, is given by
and similarly for the map Ext
we get similar descriptions for the maps Ext
and Ext
, F ′′ (F)) respectively; so it is enough to understand the first one. In particular, if X is a K3 surface then each 2k th graded piece of
is one-dimensional for 0 ≤ k ≤ n and the map described above must be an isomor-
is given by elements of the form u k id n−k for k = 0, . . . , n and the components
, F ′′ (F)) described above are isomorphisms.
By duality, the components of Ext
be isomorphisms and similarly for the other maps. This means we can cancel these terms from the cones and rewrite the following diagram of triangles
That is, Ext
and so by Yoneda, we have
Similar arguments when X is an abelian surface recover the expressions of §3. For the case of the generalised Kummer variety, we play the same game with a
where j : N ֒→ A n+1 is the locus of points which sum to zero. Consider the following diagram: 
. That is, we have
Applying [Che02, Lemma 6 .1] we see that
Furthermore, by [Che02, Proposition 6.2], we know that Ψ K must be an equivalence and so taking left adjoints proves the first claim. For the second identity, recall that we have natural isomorphisms
and 
Proof. By Lemma 5.1, we have m * m * ≃ id A ⊗ H * (K n−1 , O K n−1 ). Combining this with Lemma 6.4, we get Now, if we use the S n -equivariant isomorphism
then we see immediately that π n+1 can be identified (up to sign) with Σ n . In particular, Corollary 6.5 says that
which allows us to simplify equations (4), (5) and the first summand of (6). For the second summand of (6), we have
Proof. Observe that π n coincides with π n under the isomorphism A n ≃ N described above and
where the last line uses the fact that Thus, we have proved the following Theorem 6.9. Let A be an abelian surface and consider the tautological objects
Then we have the following natural isomorphisms of graded vector spaces
As before, we can use adjunctions and the Yoneda lemma to determine the kernels of the four compositions:
Similar arguments to those in the Hilbert scheme case show that the induced
is again realised as the sum of evaluation maps. Thus, the induced map Ext
, under the isomorphism of Theorem 6.9, is given by
and similarly for the other maps. Now, if 0 = v ∈ H 2 (A, O A ) then a basis of the
⊗n is given by elements of the form v k id n−k for k = 0, . . . , n and we see that the components
) are again isomorphisms. By duality, the components of the other maps are isomorphisms as well and so we can cancel the direct summands from the cones just as before and use Yoneda to get
The last piece of this technical jigsaw is the monad structure. Inspecting the proof of [Kru14, Theorem 3.17], we can see that the first summand of Ext * (F ′′ (E), F ′′ (F)) corresponds precisely to the summand Ext * (π * n+1 E, π * n+1 F) Sn of Ext * (C(E), C(F)) S n+1 := Ext * ( i π * i E, i π * i F) S n+1 . Thus, the adjoint pair π * n+1 ⊣ π n+1 * allows us to identify RF with π n+1 * π * n+1 ≃ id X ⊗ H * (X [n] , O X [n] ) where the monad structure is given by cup product. Similarly, if we replace π i by π i := π i • j : N → A where N ≃ A n , then we can use π * n+1 ⊣ π n+1 * to identify R K F K with π n+1 * π * n+1 ≃ id A ⊗ H * (K n−1 , O K n−1 ) which follows from Corollary 6.5.
In summary, we have demonstrated independent proofs of [Add11, Theorem 2]
and Theorem 4.1 above on the equivariant sides of the BKR equivalences. That is, O ∆ is a direct summand of the kernel of RF which implies F is faithful. We expect it should be possible to 'bootstrap' this argument and determine a complete description of RF in line with the suggestion above.
Apart from Hilbert schemes of points S [n] on K3 surfaces S and generalised that every hyperkähler manifold can be deformed into a hyperkähler manifold which admits a lagrangian fibration. Therefore, one could also investigate whether there is a natural P n -functor associated to a lagrangian fibration π : X → P n .
